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Abstract: The paper mainly concerns the stochastically exponential stability in the p-moment of the 
equilibrium point for a class of stochastic Hopfield-type neural networks with impulses 
(SHNNswI), by constructing a Lyapunov functional and using the theory of stochastic 
analysis. The results is given in the form of inequalities, they can be verified much more 
easily. Furthermore, the algorithm is given, whose efficiency is illustrated by an example. 
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1 Introduction 


Recently, Hopfield-type neural networks have been studied extensively by many authors 
and found many application in different ares!2], It is well known that studies on stability 
properties for neural dynamic system not only involve abrupt changes at certain moments due 
to instantaneous perturbations, which lead to impulsive effects, but also, involve environment 
disturbance, which lead to stochastic effects. Considering the factors above, the stability of the 
equilibrium point for SHNNswI are concerned by this paper. 


The theory of impulsive differential equations represents a more natural framework for 
mathematical modeling of many real-world phenomena, such as population dynamic and the 
neural networks. In recent years, the impulsive differential equations have been extensively 
studied[3-5], Furthermore, the dynamical behaviors of stochastic neural networks have emerged 
as a new subject of research in recent years. In particular, the stability criteria for stochastic 
neural networks becomes an attractive research problem of importance. Some initial results 
have just appeared, for example, in [6,7], for stochastic delayed Hopfield neural networks. 

However, to the best of our knowledge, few scholars investigated the stability for stochastic 
Hopfield-type neural networks with impulses. In this paper, we mainly concerns on the stability 
for stochastic Hopfield-type neural network with impulses. 
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2 Problem formulation and preliminaries 


Consider the following stochastic Hopfield-type neural networks with impulses 


dzx;(t) = | — ¢;(t)x;(t) + D ai; (t) f;(x;(t))]ds 


+oa(t,zi(t))dw(t), tAt,, i=1,2,---,n, (1) 
Azi(t.) = (tf) — alte), FEN, 


ri(to) = Zio, 
where 2x;(t) is the state of the neural network, c;(t) > 0 is the neuron charging time continuous 
function, a;;(¢) denotes the strength of the jth unit on the ith unit at time t. Impulsive moments 
T = {t,;k € N} satisfy 0 = to < ti < t2 <--+; jim tk = 00; Aaz;(t,) corresponds to the abrupt 
changes of the state at fixed impulsive moment t, and x;(t,) = 2i(t{), vi(t;) exists. Moreover, 
w(t) = [wi (t), we(t),--- ,wn(t)]T is a Brownian motion defined on a complete space (2, F; P) 
with a nature filtration {F;}:>0 generated by w(s):0< s <t. 
Rewrite (1) in the vector form as follows 


de(t) = | — e(t)x(t) + A(t) f (x(t))]ds +oa(t,z(t))dw(t), tÆtk, i=1,2,:--,n, 
Ax(t,) = x(t?) — e(t} ), (2) 
x(to) = T0, 


where 
a(t) = (x1 (t), x2(t), -> ,tn(t)) 5 c(t) = diag(er(t), co(t),--- ,en(t)), 
A(t) = (4ij(#)) ayenr Vl) = (wr(), walt), +++ r wnlt)) 


In order to obtain the main results, the following assumptions and definitions are needed. 
Assumption 1 The neuron activation functions all bounded and satisfy the following 
conditions 


|æ) - fiU) < Lz - yl, f;(0) =0, z, y E Rn, jJ=1,2,---,n, (3) 


where LÍ is a constant. 
Assumption 2 The mapping o : Rt x Rn —> R, is globally Lipschitz continuous and 
satisfies the linear growth condition. Moreover 


trace[a? (t, x(t))o(t; x(t))] < x7 ()Ez(t), a(t,0) = 0, (4) 


where » is a nonnegative constant matrix with n dimension. 

Assumption 3 Az;(t,) < yzi(t,), 1=1,2,:--,n, REN. 

It is claimed that there exists a unique stochastic process x(t) satisfying system (1) and 
all solutions of system (1) are continuous on the right and limitable on the left for F (see [8}). 
Obviously, x(0) = 0 is the equilibrium solution of system (1). In the rest of the paper, we will 
prove x(0) is stable in p-moment. 
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Definition 1 There exist constants À > 0 and c > 0 such that 
E||x(t, to, 20)” < ellzoll’e °°, (5) 


then z(0) is stochastically exponential stability in p-moment. 


3 Main results 


The main results on exponential stability in p-moment of z(0) for SHNNswI and the algo- 
rithm for illustrating the results are given in this section. 
Theorem 1 Let Assumptions 1, 2,3 be satisfied, if there exist symmetric positive definite 


matrix P and a constance À > 0 such that 
AP — pPc(t) + pPA(t) Lf + P(p — 5 PP— Yop <0, (1+Am(q))? < 00, (6) 


then the solution z(0) of system (1) is stochastically exponential stability in p-moment. 


Proof Consider the Lyapunov functional 
V(t, £) = e*2(t)7? Px(t)8, (7) 


where P is a symmetric positive definite matrix and à > 0 is a scale constance. 


Computing the infinitesimal generator of V(t, z) along z(t, x(0)) 
LV(t,z) = {ast Ë Pr)? + prt) TĒ? Pf — c(t)n(t) + A(t) f(a(t))] x(t)? 


+O- D rrace(art, a(t) "aE Pa(t)FYo(t,2(t)))} 





< eMa(t)? Pld — pe(t) + pA(t)LÍ + Pe- Year <0. (8) 
Thus 
EV (t,z(t)) = E[V(to,2(0)) + a LV(s,)ds| 
< EV (to,x(0)) < eAm(P)Iz(0)|”, (9) 
and, by the definition of V(t, z(t)) 
Blatt zo)” < ee BV a0) < FELA aO), (10) 


where Ax(P), Am(P) are maximum and minimum eigenvalue of P respectively. 
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Also, in view of Assumption 3, for all t € T, one has 


Elle(te, 20) ||? = EJ |les(te, 0) Il? = E X. lz:(tg , £0) + Avi(ty I? 


t=1 i=1 


n 


EX (1+ v)Pllei(ty zo) < (1 +Am Y Ella(ty 20) ||” 


i=1 


lA 


pAm(P) 
Xm(P) 


IA 


(1+ Am(y)) ei —to) lr(Q) |? 


(1-4 Am (9)? EEE he MO OT (11) 


Ii 


where y = diag(y1, Y2, +- , Yn), Am (7) is the maximum eigenvalue of y. 
Thus, for all t € Rt 








E\jx(t, zo)l? < S3 S —EV(t, a(t) < ce 84 *ol (0) |" (12) 
where 
c= (14+Am())? ae >0. 


This completes the proof. 

Remark 1 The result given by Theorem 1 contains the result of Theorem 1 in [9} as a 
special case, when o(a(t), x(t —7)) = 0. 

Remark 2 In this paper, the numerical simulation results are utilized firstly to prove the 
theory conclusion for stochastic neural network system, compared with [5,9]. Furthermore, the 
paper mainly concerns the impulse effects, which is not considered in [7]. 

The algorithm on the matrix inequality (6) is given by applying the continuous properties 
of matrix functions and the linear matrix inequality (LMI) technique. 

Step 1 Let initial time tọ = 0, i = 1, maximum iterative number No. 

Step 2 If there is one feasible solution Pp, Ag about the matrix inequality (6) by LMI 
toolbox in Matlab while take t = tp, then go to Step 3, or the matrix inequality (6) don’t hold 
and stop. 

Step 3 Set p = Py, À = Aq in the matrix inequality (6), there must exists the number 
ô= nin {ők} where 


min{t > to |D,(t) = 0}, there exsit t such that D;(t) = 0, 
+00, if D(t) # 0. 


bk = 


Such that the determinant D(t) of the kth leading principal minor of the matrix continuous 
function on left side of the matrix inequality (6) are negative in [toọ, to + ô). If 6 = +00, then 
the matrix inequality (6) hold and stop. If ô < +oo and i < No, then let t = to +6, i=i+1 
and go to Step 2. If i > No, then fail and stop. 

To demonstrate the above algorithm and the result of Theorem 1, an example is given. 
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Example Assume that the network parameters of the neural networks (1) are chosen as 


1+te* 0 -1 -1 04 0 
c(t) = » A(t) = , X= 
0 10 -1 -1 0 0.3 


p=2, Axi(ty) =0.201(t;), Axo(t,) = 0.3r2(t;), te = 2k, 
filz) = sin(z;), i= 1, 2. 


Applying the above algorithm, we have: 
Step 1 Let tọ = 0, i= 1, No = 100, go to the Step 2. 
Step 2 Using LMI toolbox in the Matlab, we can get one feasible solution of (6) 


1.2980 0.0131 
Py = , Ao = 1.0627, 


0.0131 0.1136 


go to the Step 3. 
Step 3 Set P = Po, A = Xo in the inequality (6), we have 


—3.3170 —0.2377 
AP ~ 2Pc(t) + 2PA(t)LS + OP = , 
—0.2377 —2.3683 


(1 +Am(7))? = (1 + 0.3)? = 1.6900. 


It is obvious that all the determinant D(t) are negative definite for all t € [0, +00), i.e., ô = 
ôk = +00. Therefore, by Theorem 1, the origin solution z(0) of the system (6) is stochastically 
exponential stability in the mean square. Figure 1 depicts time response of state variable x; 


and zz without and with impulse effects. 
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Figure 1: The trajectory of x(t): left: without impulse effects; right: with impulse effects 
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fo BK} AY BEAL Hopfield 2) #22 P28 BY p TABS ETE 
PRS, BRE? A A0 
0- ERLEAK Z, GE 710048; 2 CREBTKYH SR, HE 710048) 


i ACE BT p OER M FAKE BAA Hopfield HHAM4 TS AHMAR. A 
Mi 41) Lyapunov Z AMAA ENARE, ESWC ARERE HAE. GRURSRERAH, 
HRAARERD BRIE. MH, SRB, WARA, Bik WEAR. 

XER: Hopfield HHAMA, Itô AK; Lyapunov A: MPL 


